UNIT 3: LINEAR PROGRAMMING (LP)

Linear programming is the name used to describe constrained optimization problems in
which the objective is to maximize or minimize a linear function subject to linear inequality
constraints. In principle, any linear programming problem (often called an LP problem) can be
solved numerically, provided that a solution exists. This is because the simplex method introduced
by G. B. Dantzig in 1947 provides a very efficient numerical algorithm that finds the solution in a
finite number of steps.

Definition: A Linear Programming Problem is one that is concerned with finding the optimal
value (maximum or minimum value) of a linear function (called objective function) of several
variables (say x and y), subject to the conditions that the variables are non-negative and satisfy a
set of linear inequalities (called linear constraints).

The term linear implies that all the mathematical relations used in the problem are linear
relations while the term programming refers to the method of determining a particular programme
or plan of action.

Some terms used in the linear programming problems:

a) Objective function: In LP problem, the function which has to be maximised or minimized
is called a linear objective function.

b) Decision Variable: An unknown quantity representing a decision that needs to be made is
called decision variable. It is the quantity the model needs to determine.

c) Constraints: Constraint is a linear relationship representing a restriction on decision
making. More precisely, it is defined as the linear inequalities or equations or restrictions on
the variables of a linear programming problem are called constraints.

d) Optimisation problem A problem which seeks to maximise or minimise a linear function
(say of two variables x and y) subject to certain constraints as determined by a set of linear
inequalities is called an optimisation problem.

An example:
Maximise Z = 250x + 75y = Objective Function
subject to the constraints:

5x +y <100 } Inequality Constraints

Constraints X +y <60

x>0,y >0 -> Non-negativity Constraints (since the values cannot be
negative)

x and y are decision variable

Steps in formulation of Linear Programming Problem:
The following steps are taken in forming a LP problem:

1. The first step in LP problem formulation is to define the decision variables. A decision
variable is a quantity that needs to determine. For example variable x and y.

2. The next step in formulation is defining the objective function. An objective function is

either to maximize or to minimize.

Writing mathematical function for the objective is the next step in LP problem formulation.

The next step requires writing the inequality constraints involved in the problem.

The last step in the formulation process is to write down the non-negativity constraints.
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General Formulation of LPP
Max/min Z=C X1+ CoXo+....... + Co Xq

Subject to:
A Xg+apXo+ ..., + a1 Xy (S, 2) b,
X1+ anXo+ ....... + a0 Xy, (S, Z) b,
a.m]_X]_ + am2X2 + o + aman (S, Z) bm
X120, X220, ...... Xn>0,
Here,
X; = decision variables
bj = constraint levels
Ci = objective function coefficients
Y = constraint coefficients
Example 1:

A baker has 150 kilograms of flour, 22 kilos of sugar, and 27.5 kilos of butter with which to make
two types of cake. Suppose that making one dozenA cakes requires 3 kilos of flour, 1 kilo of sugar,
and 1 kilo of butter, whereas making one dozen B cakes requires 6 kilos of flour, 0.5 kilo of sugar,
and 1 kilo of butter. Suppose that the profit from one dozenA cakes is 20 and from one dozen B
cakes is 30. Formulate the LPP of maximising profit.

Solution:
We have to first define the decision variable,
Let, 1 dozen A cake =X, and
1 dozen of B cake =y
The objective of the problem is to maximize profit. Thus the objective function is
Maxz=20x +30y

The problem has three inequality constraints, which are

3X + 6y <150 (flour constraint)
X + 0.5y <22 (sugar constraint)
X+y <275 (butter constraint)
X,y=>0 (non-negativity constraint)

Therefore, the mathematically formulated model is:
Max z=20x +30y

Subject to:

3X + 6y <150
X + 0.5y <22
X+y <275
X,y >0



Example 2:

A firm is producing two goods, A and B. It has two factories that jointly produce the two goods in
the following quantities (per hour):

Good Factory | Factory 2
A 10 20
B 25 25

The firm receives an order for 300 units of A and 500 units of B. The costs of operating the two
factories are 10 000 and 8 000 per hour. Formulate the linear programming problem of minimizing
the total cost of meeting this order.

Solution: Let,
X = number of hours required by factory 1
y = number of hours required by factory 2
Here, x and y are the decision variables.
The objective function of the problem is
Min C = 10000x + 8000y
The problem has two constraints.
Constraint | (good A) : 10x +20y > 300
Constraint II (good B) : 25x +25y > 500
X,y>0

Thus, the mathematical formulation of the problem is
Min C = 10000x + 8000y
Subject to,

10x +20y > 300

25x +25y > 500

X, y=0

Note:
1) When the objective function is to maximize, the level set of inequality constraint is <

2) When the objective function is to minimize, the level set of inequality constraint is >

Product Mix Problem: (Home work)

A shop can make two types of sweets (A and B). They use two resources-flour and sugar. To
make one packet of A, they require 3 kg of flour and 3 kg of sugar. To make one packet of B,
they need 3 kg of flour and 4 kg of sugar. They have 21 kg of flour and 28 kg of sugar. These
sweets are sold at Rs. 1000/- and 900/- per packet respectively. Formulate the LPP to maximize
the revenue.




SOLUTION TO LPP:
In generally, there are two methods of solving a LPP. These are-

- Graphical Method
- Simplex Tableau or Simplex Algorithm

Graphical method of solving linear programming problems:

We shall confined our discussion only with graphical method, which involve how to graph a system
of linear inequalities involving two variables and its solution accordingly. Let us understand some
concepts involved in solving LPP.

a) Feasible region: The common region determined by all the constraints including non-
negativity constraints of a linear programming problem is called the feasible region or
solution region for the problem.

b) Feasible solution: Points within and on the boundary of the feasible region represent
feasible region represent feasible solutions of the constraint.

c) Infeasible solution: Any point outside the feasible region is called an infeasible solution.

d) Optimal Solution: Any point in the feasible region that gives the optimal value (maximum
or minimum) of the objective function is called an optimal solution.

Corner Point Solution: A corner point is a point that falls along the corner of a feasible region.
The method of corner point solution comprises of the following steps:

1. Find the feasible region of the linear programming problem and determine its corner points
(vertices) either by inspection or by solving the two equations of the lines intersecting at that
point.

2. Evaluate the objective function Z = ax + by at each corner point. Let M and m, respectively
denote the largest and smallest values of these points.

3. 1) When the feasible region is bounded, M and m are the maximum and minimum values of Z.
(ii) In case, the feasible region is unbounded, we have:

4. (a) M is the maximum value of Z, if the open half plane determined by ax + by > M has no
point in common with the feasible region. Otherwise, Z has no maximum value.

b) Similarly, m is the minimum value of Z, if the open half plane determined by ax + by <m
has no point in common with the feasible region. Otherwise, Z has no minimum value.

Example 1: Solve the following linear programming problem graphically:
Maximise Z=4x +vy
subject to the constraints:
X+y<50
3x+y<90
Xx>0,y>0
Solution:
Let us draw the constraint line to determine feasible region.
Let us consider inequalities as equalities,
Thus,
Constraintl :x+y =50



If x=0,y =50 orif y=0, x=50
So Constraint I is bounded between x= 50 and y= 50.

Thus (x, y) = (50, 50)
Similarly for,

Constraint Il: 3x +y =90

If x=0,y=90orif y=0, x=30
So Constraint Il is bounded between x= 30 and y= 90.

Thus (x, y) = (30, 90)

Let us plot these two constraints as follows

The shaded area (OABC) in the above figure is the feasible region and OABC is bounded. So we
can now use Corner point method to determine the maximum value of Z. The coordinates of the
corner points O,A,B and C are (0,0), (30,0), (20,30)and (0,50) respectively. Now we can evaluate Z
value at each corner point:

Corner Point | Corresponding Value of Z (Z = 4x +y)
0 (0,0) 4(0)+ 1(0) =0

A (30, 0) 4(30)+ 1(0) =120

B (20, 30) 4(20) + 1(30) =110

C (0, 50) 4(0) + 1(50) =50

Hence, maximum value of Z is 120 at x= 30 and y= 0.

Maximum



Example 2: Solve the following linear programming problem graphically:
Minimise Z =200 x + 500 y
subject to the constraints:
X+2y>10
X +4y<24
x>0,y>0
Solution:
Let us consider inequalities as equalities. Thus,
Constraintl :x+2y =10
Ifx=0,y=5o0rify=0,x=10
So Constraint | is bounded between x= 10 and y= 5.
Thus (x, y) = (10, 5)
Similarly for,
Constraint Il: 3x + 4y = 24
Ifx=0,y=6o0rify=0,x=8
So Constraint 11 is bounded between x= 6 and y= 8
Thus (x,y) = (6, 8)
Let us plot these two constraints as follows

x+2y =10

Y’ 3x + 4y = 24

The shaded area (ABC) in the above figure is the feasible region and ABC is bounded. So we can
now use Corner point method to determine the maximum value of Z. The coordinates of the corner
points A,B and C are (0,5), (4,3) and (0,6) respectively. Now we can evaluate Z value at each
corner point:



Corner Point

Corresponding Value of Z
(Z = 200x + 500y)

A (0, 5) 200(0) + 500(5) = 2500
B (4,3) 200(4) + 500 (3) =2300
C (0, 6) 200(0) + 500(6) = 3000

Hence, Minimum value of Z is 2300 at x=4 and y= 3.

Practice Problem 1:

Solve the following LPP using graphical method
Maximise Z=20x + 30y

Subject to:

3X + 6y <150
X + 0.5y <22
X+y <275

X,y =0

Minimum



