‘Rt P&to/:: ch 4.

sfar afarasina s srendd arfi- fed (deteromimont)a

@t azat™ A ar{asen) afs~ 6\61'1“’3)’% e aiByret -
22\ %4 | ot

43 Pro peniyé i
C’INGN :: %eﬁfs)d} Bt A
9T wpd) o3~

(el dya -

3291 -

ST oy axvidl- ﬁmw farfaren
AL AT 227 |
(4" @ -a
oy, 6, 103
Q.a, C’s ]
SR "‘V‘é\ Mv\@{' \Da‘ﬁl,s N

b g[-__,q\'of ng*%\mb\

o 3
"O"f(. CS bsG,) - qz(b% bgq)+a3(b,c2 6“1)

%L'a*r 4=

» M’él I T iapa snsp oahe 813 wirn

2 O
AW be g

TRy 3975," G -@zf'aﬂ% e

R

bog, Cs
= oG- s - qu;lcg b‘,zq) + 85 (biGp-b)

A= a’

Y
a'= {ay_ : Q-‘[

4@5

Note ! Cmoﬂﬁ!y& A2 o ms\\c,ﬂ (A aaqq—'er
| et A = deAA CA AR oA cm’azﬁr)
kY

Pgﬂ@ J’l'é\ eld'[w?ba »@:(mm B wm\@mm %)

i?éﬂ 'a’ﬁ"('“ ﬁoﬂomofa'*
Ao % C* T O 4 nE "




N

x‘
A b, o
o by G

2 AT M eag-g by, Uzcei—%)-m@zbr%)

M&Ww"fg\@\) mgﬂﬁ,ﬂ*@t@s) s m-ig'
dFem 4l = \QS bs G

0 b, Ce_\ (’2[6 RB)
A by g

RV {2 it o -
' @ ons (28 oo~ sos)

4 = . b\BCB '
A o, 4|~ b\\ofzi QS\* ¢y K% %\

207 4 \oq by ¢

& :q' b

L 2.

= G,|,~Cb3 Cy — bzéS) ._"b\ @3'C9-'q1c9'5 + 4 Qzab)_—qzbé)
= - 0 Cb—l

RS ) oy (0 - %) - % (b, -ay L,
Ak LQ{ (6203 "bacz) ~ by (@5, "jq:sﬁ_) + C{ (qzb; Fq.’%‘ﬂ
i U U
NTH

T ABUTa- 5"53(@6\') A2 5y g ((:_.3’) N\Wf;r‘;':q

T 2 SO g a onfi- e
R T 4=~ a4

[ A
ger Gt oA il :
! T 4=, c oAt
T, ord\— AN Y 2 ) O
ERER 4':"_'\) ‘ Q‘b“ 2552) .
&m..rv_ A= A (s swaw e ’m&'&“ﬂ@)
> 24=0 DA=0




v / - S

P e

T4 R RA @ wAalg (4 e S

Ssonuwasia qlac 2T Gm'wa?a 6::5@, (@? @gi%%

213 - AT 0 ) e

Ky kb, ey

@ b ¢ :kkq‘ b ¢

O/;) bg Ci Q, b, Ctk
% by o

() 2 e (4 R errbe ey - i onp-

3 et e
SAX adaz ;:E;fzﬁzxf5&} TGS e et

Ot X pap :
al b (L,+ =\ b , G «, 9/ 12’
al Y ¢ o0 o l+lo ' o©
b C,Ju 0'” bll C," a” b‘” le

© @@l «rdla (@wd) exfigr ¢hatn AG sRAE A2
aia oA e o1 () prper elsma” @ ens A
Civraa a3 sald 251 |

a+klb . b a & b W b <
Ot'f+ k' b = \la b | \ky ¢ <&
(8 | U \i u [KY

al b eV ko b <

G\" —\-kb” ‘ b ot

R bbb c\. (a b c 6 <
- ;Q':'a‘ c_’\*k\b' b 'c)\'; al b c’\+0’:~ a e
g 0 ol e At ety | de

Q" b" Cll

! o

,5‘,{ -é._ 727 7% . 0 :
g0 71 TENT [0 T T2 T
. 7, 74 2. 2 2 Rar—R,y

| B

U
102 '
S ; !8 26 . |1#X6  9xs ¥l g 6| tF 3 G
3 4 L3 Y 1 24
(F 3 4 \% C N | ' ty > £

=6ro =03 . '




=

5

tw

WF ¢ da oras firoa asla- N7 Facia Argar \
odeva - aa TR\ am %P > erRAsA Y -
Mfrgm w{:{ @\ Impatonk G\’é’ "&h'\

3 ar{aa sv{sa\y YR S orkcm—‘

oria - (2 o hanca, I

en
- iﬂ
b R 2 Afofrede @ AT AN ~oqa,
oo 145 £
T oaY o o4y® \20

C\-ML“{Z} (v- 'L') (z-2) ){_ T */-l-m}
= Urmne) () o) (1)
AN, (Wt z) (-0 B E =0



I}

I XENE 2, S0, N-X%F 0, Z-xFto N-2+ 6 ’

= I+ 4% =0 | Prg‘:ﬂ.

o
qu'?}é 1A eav— a

[+ 0 ! (C \ o 0, <"+0k* ,Q-L.\ OJOC’*'QL’*'L’("C’\

oo (L) { -0y
= abe Ctﬁf{;(*lc "’JE:) Proved ,

O

O b C
aV v v
Lo ea ol

!
_ra anA Aaa@ a3t




A= [0-b boe o | v ¢t a
O A R G \

bleta ca.at o

e

. T R T R
= COLv-‘b’) Cb~c7 (ae-e. bt ¢ 5:-
a-¢ - oo oMo

. a ' c |
= (a-b) Cb'c‘)@'j\—l bte Q'V\

\ — 0~ ok
— (A _ . 6 SN
= (@ b) ('b 0 &9 9 adbtc  NMar
—l e oy e\
=) (e-0) @b (Mot te )
= (k- (e-a) Car-lé’)rc-‘bo;—\—’ca'—c-'q@
— X~

] '@}\ ©Pas5 :?Pva'}o 30z~ \Q\'(ml Pfrﬂ/ch‘u 55@:!7@@”' "



a b+c
EXAMPLE3 Showthat |1 b c+a|=0.
c a+b

—t

—

1 a b+c
SOLUTION Let A=|1 b c+a| ApplyingCy =>C2
1 c a+b '

+Cy,we get

1 a+b+c b+c
A=1|1 b+c+a c+a
1 c+a+b a+b

11 b+c

= A=(a+b+o)|1 1 c+a [Takingouta+b+ccommonfromC2]
11 a+b

= A=(@+b+c)x0=0" [ C;and C, are identical]
b—c c—-a a-b

EXAMPLE4 Showthat/c—a a-b b-c
a-b b-c c—a [NCERT, CBSE 2009]

0 c—a a-b
A=|0 a-b b-c
0 b-c c—a
- A=0 - [~ Cy consists of all zeros]
1 bc a(b+o)
EXAMPLE5 Showthat|1 ca b(c+a)|=0.
1 ab c(a+b) INC ERT]
1 be a+o)

soLUTION Let A=[1 ca b(c+a)| ApplyingC3 —C, +C3, we get
1 ab c(a+b)
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1 bC ﬂb+bC+Ca

A=|1 ca ab+bc+ ca

1 ab ab+bc+ca
1 be 1
> A= (ab +bc+ ca)|1 ca
1 ab 1

—

[Taking out ab + bc + ca common from Cs]

N A=(ab +bc + ca) x 0=0. [+ CyandCjare identical]

' X+Y Yy+z z+Xx
pxaMPLE6  Without expanding prove that : | z ’ X y |=0

1 1 1 [NCERT]

X+Yy y+z z+x
GOLUTION LetA=| z X v | Applying Ry = Rq + R,, we get

1 1 1
X+Y+zZ X+Y+z x+y+z
A= Z X y
1 1 1
111
= A= (x+y+2)|z x Y [Taking out (x +y + z) common from R4}
111
= A=(x+y+2)x0=0 [ Ryand Rj are identical]

cosec’®  cot® @ 1
EXAMPLE7 Without expanding show that: A = cot?  cosec>® -1|=0.

42 40 2
[INCERT EXEMPLAR]
SOLUTION Applying Cq — C1—Cp, we obtain
cosec29 - cot2 0 cot2 0 1
A= co’c2 06— cose«:,2 0 cosec2 0 -1
42 —40 40 2
1 co’c2 0 1
= A=|-1 cosect® -1|=0 [ Cand Cj are identical]
2 40 2
2 3 4
EXAMPLEs Find the value of the determinant A =| 5 6 8.
6x 9x 12x [CBSE 2009]

SOLUTION Taking 3x common from R5 , we get

2 3 4
A=3x|5 6 8
2 3 4

= A=3¢x0=0 [ Rqand R3 are identical]



6.20 MATHEMATICS-X

b2 2 be b+c
EXAMPLE 9 Without expanding show that c2a* ca c+al=0

abr ab a+b
[INCERT EXEMPLAR, CBSE 2001 C]

b2 2 be b+

SOLUTION LetA=[c242 1 c4al. Applying Ry — Ry (), Ry = R, (b)and R3 — Rj3(c),
a* b2 ab a+b

we get

ab? (2 b .
abc ab + ac [ Ry, Ry R4 are multiplied by 4, b and ¢ ]

-1 |,22
o abc b’ a” abc b +ba respectively, therefore we divide by abc
ca?p? abc ac +be

1 bc 1 ab+ac
= A=—(abc)®|ca 1 bc+ba [Taking out abc common from C; and C, ]

ab 1 ac+be

bc 1 ab+bc+ca

= A=abclca 1 ab+bc+ca ' [Applying C3 — C3 +C;]
ab 1 ab+bc+ ca
bc 1 1
= A=abc(ab+bc+ca)lca 1 1 [Taking out ab + bc + ca common from Gl
ab 1 1
= A=abc(ab+bc+ca)x0 = 0 [ C, and C3 are identical]

sina cosa sin (o + )

EXAMPLE 10 Without expanding evaluate the determinant|sin  cosp sin B+9)|.
siny cosy sin (y+ §)

sina cosa sin (a + §)

SOLUTION LetA=|sinf3 cosf sin(B+ )|
siny cosy sin(y+ )

sin & cosa sin o cos d+ cos a sin § .
= A=(sinfp cosp sinPcosS+cosPsind | [ sin(A+B)=sinA cosB+cosAsinB|
siny cosy sinycosd+ cosysin d

sina cosa 0

- A =|sinp cosp O [ApplyingC3 — C, —(cos 8) C1 —(sin 8) Cy}
siny cosy 0
= A=0 [+ C3 consists of all zeros]

@ +a x)z @ —a x)2 )
EXAMPLE 11 Without expanding evaluate the determinant |(a¥ +a~Y)2 (g¥ _ - Y2 1|, where
(@ +a 5?2 (F-g72 1

a, >0 andx,y,zeR. | |
SOLUTION Let A be the given determinant. ApplyingCy —C; -C, , we get
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@ +a ) —@" —a "2 (oY g2
A =|(@¥+a ¥ —(a¥ —a- 2 (a¥-a- %2 4
(@ +a (@ -a )2 (F a2 !

g (@ —a™h?
= A= 4 (ay —-a y)z | . 5 ,
4 (@ -a?H? 1 [Using : (a + b) —(a —b)" = 4ab]
1 (a'\' —-a” .\‘)2 1
A= 4|1 YV _ - Y2
- (a- A [Taking out 4 common from G4l
1 (@ -a 2)2 1

= A=4x0=0 [ Cl and C3 are 1dent1cal]

2y+4 5y+7 8y+a
3y+5 6y+8 9y+b
4y+6 7y+9 10y+c

SOLUTION Applying R, = R; (2), we get [NCERT]

exampLE 12 Ifa, b, carein A.P., find the value of

1 2y+4 Sy+7 8y+a
A=E 6y +10 12y +16 18y+2b
4y+6 7y+9 10y + ¢

2y+4 5y+7 By+a

1
= A= -2— 0 0 2b—'(a+C) Applyngz-—)Rz —(R1+R3)
4y+6 7y+9 1y+c
1 2y+4 5y+7 8y+a
= A=— 0 0 0 [ a,b,carein A.P. L 2b=a+c]
2 4y+6 7y+9 10y +¢ '
= A=0 [+ R, consists of zeros only]
REMARK One can also apply the transformation Ry — Ry + R3 —2R; to get the value of A.
265 240 219 ,
EXAMPLE 13 Withouf expanding cvaluate the determinant A = 240 225 198]. }
219 198 181 |

SOLUTION Applylng Cl - Cl —C3 and CZ — C2 —C3, we get

46 21 219
A =42 27 198
38 17 181
4 21 9
=  A=[-12 27 -72 [Applying C; = Cy —2Cy and C3 — C3 —10C,]
+ 17 11
0 4 -2
= A=|0 78 -39 [Applymg Rl - Rl - R3 Ell'\d R2 —> R2 + 3R3]

4 17 11



- az ab ac
\ipLE2L  Provethat:| ba _b2  be|l=44a?2b?% 2

EXA
ac  bc —c?

2
—a ab g

QLUTION LetA=| ba ~b%>  bc| Then, [NCERT, CBSE 2011]

ac bc _ C2

-a b ¢
a=abc| a -b ¢| [Takinga, b and c common from Ry, Ry and R3 respectively]

a b -c
-1 1 1 .
2.2 2 Taking a, b and ¢ common from
= A=a?b?c"| 1 -1 1 3
1 1 -1 C1,Cp andC3 respectively
-1 00

L A=d*bP| 10 2 [Applying C; = C +C1,C3 2 C3 +C4ql

120 o

0 2 \

= A =a*b? ¢ x (-1) x ? 0‘ [Expanding along R,]

o A=a2bE A (-D(0-9) = 42202 ¢

1 1 1
EXAMPLE22 Provethat:|1 1+x 1 | =¥
1 1 1+4y
1 1 1
SOLUTION Let A =[1 1+x 1 [NCERT]
1 1 1+y

Applying C, - C, —C; and C3 —»C3-Cq, weget
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1 00
A=|1 x 0
1 0y .
x 0 10 1 x [On expanding along R
= A:lxoy—0x1y+0x10
= A= xy
1 a o
EXAMPLE2S  Eoaluate:|1 b p2|. [NCERT]
1 ¢ ¢2
SOLUTION Let Abe the given determinant. Applying R; — R, - Rjand R3 = R3 — Ry, we get
1 a a2
A=[0 b-a b2_42
0 c-a ¢2-42
1 a a2
= A=0G-a)(c-a)[0 1 b+a [Taking out (b — a) common from R, & (c —a) from R;]
01 c+a
1 a a2
= A=0-a)(c-a)[0 1 b+ag [ApplyingR3 —> R3 -R,]
0 0 c-p '
1 a a2
= A=@b-a)(c-a)(c-b)[0 1 b+g [Taking“out(c—b)commonfrong,]
00 1
= A=(b-a(c-a(c-bx1x|L b+a .
= a a)(c=b)x1x|, [Expanding along C,]

X y z
EXAMPLE24 Show that: |x? 4% 22| yyz (x - DY -2)(z-2)
x3 y3 z
[CBSE 2000, 2010 C, 2011]
X Yy z
2 2 2 :
SOLUTION LetA=|x z”|. Taking x,
3 y3 3 B%yandz common &Omcl ’ Cz and C 3 IESPECﬁVEIYr
x° y° z
we get .
1 1 1
A= xyz|x y 2z
2 .2 .2

x“ y© oz
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1 0 0
= A= Xyz|x y-x Z-x

2 2

[Applymg C2 —>C2 —Cl and C3 - C3 _C'l]
X Yy —-x2 22 _x2

1 0 0 .
_ A= xyz(y—x) (z—x)|x 1 1 [Takmg (y - x) and (z — x) common from ]

2 Y+x z4x C, from Cj respectively.

1 1
Y+x z+x
= A=xyz(y-x)z-x)z+x-y-x)
> A=xyz(x-y)(y-2)(z-%)

o B Y |
PAMPLE2S  Provethat: | of B2 2 |= (a-B)(B-1)(r-o) (@+B+)
B+y y+a a+p

= A=xyz(y-x)(z-x)x1x

[Expanding along R4}

[NCERT, CBSE 2007C, 2008, 2010 Cl

(04 B Y

sOLUTION LetA=| a? B2 42 | Applying Ry - Ry + R3, we get

B+y y+o oa+P

B Y
A= (].2 |32 ,YZ
a+B+y a+B+y a+P+y
a By
= A= (a+B+Y) o’ Bz 72 [Takingout(o.+B+y)commonfromR3]
1 1 1
a Pp-a Y-
= A= (a+B+y)|a? B2-a? y*-o?| [ApplyingC;—>Cy-Ciand Cy>C3-C4l
1 0 0 :
a2 1 i Taking (B — o) common from
= A=(G+B+Y)(B-G)(Y—C€);1 B‘Ba 'YBG' Czand(y—o.)fromCS
1 .
= A= (a+BrN@-)(@-OxIX|g 4 yia [Expanding along R3]

= A= (a+[3+Y)([}-q)(y—a)(y+a—B—G)=(Q‘B)(3—Y)(Y—a)(U+B+Y)-

1 1 1
EXAMPLE 26 In a AABC, if 1+sinA 1+sinB 1+sinC |=0, then prove that
sinA+sin2A sin B+ sin® B sinC +sin®C
AABC is an isosceles triangle. [NCERT EXEMPLAR]
1 1 1
SOLUTION Let A=| 1+sinA 1+sinB 1+4+sinC |.Then,

sinA+sin2A sinB+sinZB sinC+sinzC




N

MATHEMATICS.x,

6.28
! 1 l [Applying Ry - R, — R4 |
A= sin A sin B sinC 2
SiNA+sin?A  sinBssin?B sinC +8in“C
1 1 1 .
Applying R3 > R, - R
= A=/sinA  sinB  sinC [Applying X3 37Ky
sin? A sin? B sin2C
: 0 0 Cq,C C
= A=/sinA  sinB-sinA  sinC-sinA | [ApplyingCy »C2 —C1,C3 >C3-Cy)
sin?A sin2B-sin2A sin2C -sin’A
1 0 0
= A=(sinB—sinA)(sinC—sir\/’n) sin A 1 1 .
sin2A sinB+sinA sinC+sinA
[Taking sin B —sin A common from C; and sinC —si.nA f‘romC3]
= A =(sin B -sin A) (sin C - sin A) {(sinC + sin A) —(sin B + sin A)} [Expanding along R4]
= A =(sin B -sin A) (sin C —sin A) (sin C —sin B)

Now, A=0

= (sinB—-sinA)(sinC—sinA)(sinC—s'mB)=0

= either sin B—sinA =0 or, sinC -sin A=0 or, sin C —sin B=0

= either sinA —sinB=0 or, sinC =sin A =0 or, sinC —sin B=0

= A=B or C=A or B=C

= BC =CA or, AB=BC or CA =AB

= AABC is isosceles

1 1 1
EXAMPLE?27 Ina AABC,if| 1+cosA 1+ cosB 1+cosC |=0,show that AABC is
cos? A + cos A cos? B+ cos B cos?C + cosC
an iSOSCCIeS. ’ [NCERT EXEMPLAR, CBSE 2016]
SOLUTION Proceed as in Example 26.
1 d a3
EXAMPLE2S Provethat:\1 b b%|=(a-b)(b—c)(c—a) (a+b + c)
1 ¢ ¢3
[NCERT, CBSE 2011, 2012, 2013]
1 a a’
SOLUTION LetA=(1 b b°| ApplyingR; - R, — Ry and R3 - R3 - R;, we obtain
1 ¢ ¢3
1 a a3
A =0 b-a b3-4°
0 c-a c3 —a>
1 a a®
2 .

N A=@®-a)(c-a)|0 1 b2 + az +ab| [Taking out (b -a) from R, and (c —a) from Rj)

0 1 c%+a®+ac

4



?

DETERMINANTS -
1 a 113
= A =(b-a)(c-a)0 0 (b2‘62)+(ab-ac) [Applying R, —» Ry - R3]
01 c? +a? yac
|
1 a a3 :
01 2+a+ac
1 a a3
= A=b-a)(c-a)(b-c)|0 0 a+b+c [Taking out (b - ) common from Ry]
0 1 c%+a%+ac
0 a+b+c
= A=b-a(c-a)b-c)x1x Expanding along C
1 c2+a?®+ac [Expanding gCil

= A=b-a)(c-a)(b-c)0-(a+b+c)=(a-b)(b-c)(c-a)(a+b+c).
a b c 1 1 1
EXAMPLE29 Show that |a® b2 c2|=(a? b2 c|=(a-b)(b-c)(c—a)(ab+ b + ca).
bc ca ab a3 b3 C3
[NCERT, CBSE 2007, 2011, 2013, 2014]

a b ¢
SOLUTION LetA= a2 b2 2| MultiplyingCy,C; andC3 by 4, b and c respectively, we get
bc ca ab
2 b? 2
A= L a3 b3 3
abc abc abc abc
a2 b2 c?
= A= _a_bg 22 b 3 3 [Taking abc common from Rs]
abclyp 1 1
a2 bZ C2 -
>  A=-l1 1 1 [Applying Ry © R3]
a® b3 ¢3
1 1 1
= A= az bz C2 [Applymg Rl > Rz]
a3 b3 ¢3
1 0 0 |
= A=|a? p2-g* - [ApplyingC2—>C2—ClandC3—+C3—C1]
23 p3_ad 3-dd
1 0 0
e A =|a® (b—a) (b +0) (c—a)(c+a)

2

a’ (b—a)(b2+ba+a2) (c—a)(c + ca+a®)
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= A=
= A=
= A=
= A=
= A=
= A=
= A=

™% ARADYL. 2N

MATHEMATICS-XI|

1 0 0 Taking (b — ) and (¢ —4) common
(b —a) (c —a) a® b+a c+a [from C, and C3 respectively
a3 b2 +a®+ab cz+ac+a
b+a ¢+ [Expanding along R,]
(b—a)(c—a)x1x b2 4 a2 + ab 24 a2 +ac 1
b=t cre [Applying C; = C; —C
@) (c— plying C; = C1 -]
b-a(c-a) b2 —c? +ab —ac 2 +a* +ac P
b-c c+a
b-a)(-a (b2—62)+a(b—c) 2 +a% +ac
c+a
[Taking (b — ¢) common from C4]

b+c+a c?+a*+ac

b-a)(c—a)(b-0)

b -a) (c—a)(b—c)(czﬂs:2 +ac—bc—c2—ac——ab—ac—a2)

(b —a) (c —a) (b—c)(—bc—ab—ac)=(a—b)(b—c) (c —a) (ab + bc + ca).

X x2 1+x3

g 12 14 u3 = 0. then prove that xyz = -1.

YL s s oar =~ AN



X x2 1+px3

EXAMPLE 31 For any scalar p prove that A = y y2 1+ py3 = (1 + pxyz) (x —y) (y —2) (z - x).

z 2° 1+pz3

[NCERT, CBSE 2010]
SOLUTION We have,

x x2 1+ px3

A = z 1 3
y Yy +py

z z2 1+ p23

x x* 1 x x? px3
= A = 2 1|4 2 3 "* Each element in III column is
- Y yz 4 y2 Py 3 sum of two elements
z z¢ 1 z z° pz
2
1 x* x 1 x x Interchanging C; and Cj in first det.
= A=-|1 yz y|+pxyz| 1 y yz Taking x, y, z common from Ry, Ry Rj
1 22 2 1 z 22 respectively and p from C3 in 2nd det.
1 x x? 1 x x°
A=]1 y y2 +pxyz |1 y y2 [Interchanging C, and C3 in first determinant]
1 z Z2 1 z z?
1 x x°
2
A=Q0+pxy2)|1 Yy V¥
1z Z?
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6.32
1 X x?
_ A = (1+pxyz) 0 y-x yz__x [Applyngz—-)Rz'—Rl and R3 —)R3—R]]
0 z—-x z —x?
2
= A = (1+ pxyz)( —x)(z—x)(l) ch ]-Ci-x Taking-(y = %) and (z - x) common
pryz)\y 0 1 Z o from R, and R 3 respectively
B 1 y+x
= A =(1+pxyz)(y —x) (z—-%x) 1 747 [Expanding along Cql
= A=1+pxyz) (y-x)(z2-x)z+x-y-x) = (1+pxyz) (x —y) (y —2) (z — x)

h a 612 —h(?l
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