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1ab + c 
EXAMPLE3 Show that 1 b c+ a =0. 

1 Ca+b 

1 ab+ cl 
SOLUTIOON Let A =|1 b c+al. Applying C2C2 +C3, we get 

|1 ca+b
1 a+b+c b+c 

A = |1 b+c+a c+a 

1 c+a +b a+b 

11 b+c 
A = (a +b +c)|1 1 c+a 

1 1 a+b 

[Taking out a + b + c common from C,] 

A = (a +b + c)x 0 =0 : C1 and C2 are identical]

b-c c-a a-b 

EXAMPLE4 Show that| c -a a-b b-c 

a-b b-c C-a 
[NCERT, CBSE 2009 

b-c C-a a-b 
SOLUTION Let A = |e-a a-b b-c Applying C1>C1 +C2 +C3, we get 

a-b b-c C-a 

0 C-a a-b| 

A=0 a -b b-c 
0 b-c C-a 

A=0 C1 consists of all zeros) 

1 bc a (b + c) 

EXAMPLE5 Show that| 1 ca b (c+a=0. 
ab c(a +b)| [NCERT 

1 bc a (b+ c) 
SOLUTION Let A=1 ca b(c+ a). Applying C3 >C2 +C3, we get 

|1 ab c (a + b) 
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1 bc 
A =|1 ca ab + bc + ca 

ab ab + bc + ca 

ab +bc + Ca 

1 bc 1 
A= (ab + bc + ca)|1 ca 1 

1 ab 1 
[Taking out ab + bc + ca common from C3] 

A= (ab + bc + ca) x 0 =0. : C1 and C3 are identical] 

X+y y+Z Z+x 
EXAMPLE 6 Without expanding prove that: = 0. 

iii [NCERT 

x+y y +z z+ x| 
SOLUTION Let a= yApplying R1 > Ri + R2, we get 

x+y+z *+y+z x+y+z 
A= 

1 
Z y 

1 

1 1 1 

A= (x+y +z)zx 
11 

Taking out (x + y +z) common from R1] 

A = (x +y +z) x 0 =0 R and R3 are identical] 

cosece cot0 1 

cote cosec 0 -1|=0. EXAMPLE 7 Without expanding show that: A = 
42 40 2 

[NCERT EXEMPLAR] 

SOLUTION Applying C1>C1-C2, we obtain 
cosec-e-cots 0 cote 1 

A=cot0- cosec 0 cosec 0-1 
42-40 40 2 

1 cot0 1 
E: C and C3 are identical] 

A =-1 cosec 0 -1| =0 

2 40 2 

2 3 4 
5 6 

EXAMPLE 8 Find the value of the determinant A = 

[CBSE 2009] 6x 9x 12x

SOLUTION Taking 3x common from R3 we get 

2 3 4 
A 3x5 6 8 

3 2 
:R and R3 are identical] 

A = 3xx 0 = 0 
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b22be b+c| 
EXAMPLE9 Without expanding show that |c2a2cac+a=0.

a b2ab a+b 
INCERT EXEMPLAR, CBSE 2001 C] 

b2 c2bc b+c 
SOLUTION Let A = |e* a ca c+a. Applying R >R| (0), R2 R2 (6) and R3 > R3 (), 

ab2 ab a+b 
we get 

ab 2 abc ab + ac| 
A = bc2 a2 abc bc + ba R1, R2 R3 are multiplied by a, b and c 

L respectively, therefore we divide by abc abc 
ca 22 abc ac +bc| 

bc 1 ab + ac| 
A(abc)?|ca 1 bc *+ba 

ab 1 ac + bc| 
[Taking out abc common from C and C] 

abc 

bc 1 ab +bc + ca 
A abc| ca 1 ab +bc + ca 

ab 1 ab +bc + ca 
[Applying C3C3 +Cl 

bc 1 1 
A = abc (ab + bc + ca) ca 1 1 

ab 1 1 
[Taking out ab + bc + ca common from Ca] 

A =abc (ab +bc + ca) x 0 = 0 : C2 and C3 are identical] 

sin a cOs a sin (a + 3 
sin (B+8)|. 

cos y sin (y +)| 

EXAMPLE 10 Without expanding evaluate the determinant | sinß cos B 
sin y 

sin a cos a sin (a + )| 

sin (B+ 
sin (y + 

SOLUTION Let A = sin B cos 
sin y CoS 

sin a cos a 

A= sin B cos B 

sin y coS y 

sin a cos 8+ cos a sin 
sin B cos 8+ cos ß sin8 
sin y cos ö+ cos y sin 8 

:sin (A+B) = sin A cos B+ cos A sin B 

sin 
A = sinhß 

sin y cosy 0 

cOs 0 

cos B [Applying C3C3 -(cos 3) C1- (sin 5 Cl 

A = 0 : C3 consists of all zeros) 

(+ay2 (* -a**1 
Without expanding evaluate the determinant (a+ay2 (al -a Y)2 1,where EXAMPLE 11 

(-aa2 
a,>0 and x, y, z ER. 

sOLUTION Let A be the given determinant. APPlying C1 >C1-C2, we get 
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a +a ) -(a" -a *)2 (a -a *2 1 
A -(a+a )-(a"- a (a" -a" y 

+a-(f -a2 (-a)2 
4 (a-*)2 

A=4 (a -a" y)2 1 

4 ( -a2 1 
[Using: (a + b) -(a -b) = 4ab] 

1 (a-a*)2 1 
A= 41 (ay -a" y)2 1 

1 (-2 
[Taking out 4 common from C] 

A=4x0 =0 : C and C3 are identical] 
2 

2y+4 5y +7 8y + a 

EXAMPLE 12 fa, b, Care in A.P., find the value of| 3y +5 6y +8 9y+b 
4y +6 7y + 9 10y + c 

INCERT sOLUTION Applying R2> R2 (2), we get 

2y +4 5y +7 8y +a 
6y +10 12y +16 18y + 2b 

2 |4y +6 7y +9 
A 

10y + c 

2y+4 5y +7 8y +a 

2b-(a + c) 
10y + c 

0 
Applying R2 > R2 -(R1 + R3) 

A = 

4y+6 7y+9 

2y+4 5y +7 8y +a 
= 0 0 A 

a,b, c are in A.P. . 2b =a + c] 

2 |4y+6 7y+9 10y +c| : R2 consists of zeros only] 
A = 0 

REMARK One can also apply the transformation R1> R1 + R3 -2R2 to get the value of A. 
265 240 219 

Withouf expanding evaluate the determinant A = |240 225 198 

219 198 181 EXAMPLE13 

SOLUTION Applying C1 ->C1 -Ca and C2 C2 -C3, we get 

46 21 
A =42 27 198 

38 17 181| 

219 

4 21 9 

-72 Applying C1C1-2C2 and C3>C3 -10C2] 
A =-12 27 

17 11| 

0 4 -2 

A =0 78 -39 
4 17 11| 

[Applying R1 - R1 - R3 and R2 > R2 + 3Ra] 



ab ac 

EXAMPLE21 Prove that ba -b be=4a222 

bc -c ac 

ab ac [NCERT, CBSE 2011] 

SOLUTION Let A = | ba -b2 bc. Then, 
be -c ac 

-a b c 

A= abc a -b c 

ab-c| 

Taking a, b and c common from R1, R2 and Rg respectively] 

-1 1 

A = abc21 -1 

11 -1 

Taking a, b and c common from 

C1C2 and C3 respectively 

-1 0 0 

A=bc2 10 2 
1 2 0 

Applying C2C2 +C,C3C3 +Cl 

Expanding along R] 
A = x(-1)*2 o 
A=ab c(-1) (0-4) = 4 ab c2 

1 1 1 
14 1 xy. EXAMPLE 22 Prove that: |1 1+x 

1 1 1+ 

1 1 1 INCERT 
SOLUTION Let A = 1 1+X 1 

1 1+ 
APPlying C2 C2 -C1 and C3 C3 -C1, we get 
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10 

[On expanding along R a10-0M.0o 
EXAMPLE 23 Evaluate: 1 INCERT 

SOLUTION Letabe the given determinant. Applying R2 - R2 - R1 and R3 > R3 -R1, we get 
a 

A = 0 b-a b2-a2 
0 c-a c2-2 

1 a a2 
A (b-a) (c -a)0 1 b+a|[Taking out (b -a) common from R2 & (c -«) from Ra] 0 1 C+a 

1a a 
A (b-a) (c -a)0 1 b+a 

0 0 c-b LApplying R3> R3-R2] 
1 a a 

A = (b -a) (c -a) (c -b)0 1 b+a 
0 0 1 [Taking out (c - b) common from Ral 

A = (b-«) (c -) (¢ -b)x 1 x|o 1 Expanding along Cl 
A (b-a) (c -a) (c -b) x 1 = (a-b) (b - c) (c -a) REMARK The reader is advised to remember the value of this determinant as a standard result. 

EXAMPLE 24 Show that: z|= xyz (x-y) (y-z) (z-x). 

[CBSE 2000, 2010 C, 2011 
SOLUTION Let A= Taking x, y andz common from C,C2 and Ca respectively, 
we get 

1 
A xyz|x 
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1 0 0 
A= xyz x y x Z X Applying C2 C2 -C1 and C3 Cs-Cil 

2-22- 
0 0 

A= xyz(y -2) (z -x)|x 1 1 1 C2 from C3 respectively.
Taking (y - x) and (z - x) common from 

2 y + X Zt*| 

1 
A = xyz (y -x) (z-x) x LXV+x z+x 

Expanding along Ril 

A =xyz (y -x) (z-x) (z + x -y-x) 
A =xyz (x -y) (y -z) z-x) 

Y 

EXAMPLE 25 Prove that:| 2 B2 2 = (a-p (B-1) (Y - a) (a +ß+Y 
B+Y Y+a a+p 

INCERT, CBSE 2007C, 2008, 2010 C] 

sOLUTION Let A =a Applying R3 >R1 + R3, we get 

B+Y Y+a a+ 

A= 

a+B+Y a+ß+7 + 

| 
[Taking out (a + B+ v) common from R3] 

A = (a +ß+v)a B 
1 

B-o -a 

A= (a +B+ B-P-| -a[Applying C1 ->C2-C1 and C3C3-Cl 

1 0 

1 1 
Taking (B-a) common from 

C2 and (y- a) from C3 A = (a +B+) (B-a) (y - a)a B+a y +a 
0 

1 1 A= (a +B+)(B-a) (Y-a) x 1x4 y+a [Expanding along Ral 

A= (a +ß+ ) (B-a) (y-a) (y +a-p-a) =(a -B) (B-) (Y -a) (a +ß+ y). 

1 1 1 

1+ sin B 1+ sin C = 0, then prove that 1+ sin A 

sin A+sin A sin B+ sin B 
EXAMPLE 26 In a AABC, if 

sin C+sin c 

AABC is an isosceles triangle. 
[NCERT EXEMPLAR 

1 1 

SOLUTION Let A = 1+sin A 1+ sin B 1+ sinC Then, 

sin + sinA sin B+ sin B sinC+sinC 
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1 
[Applying R2 > R2 -Ri] 

sin A sin B sin C 

sin A + sin A sin B+ sin2B sinC+ sin C 

1 
Applying R3 R3 -R2] A = 

sinA sin2 B sin2c| 
sin A sin B sinC 

0 

A=sin A sin C -sin A [Applying C2 >C2 -C1. C3C3-C] sin B- sin A 

sin A sin2 B-sin2A sin^C - sin A| 

1 A = (sin B- sin A) (sin C - sin A) sin A 

sinA sin B+ sin A sinC+ sin A 

[Taking sin B- sin A common from C2 and sin C -sin A from C3] 
A = (sin B-sin A) (sin C - sin A) {sin C + sin A) -(sin B+ sin A)} [Expanding along R 

A = (sin B- sin A) (sin C - sin A) (sin C -sin B) 
Now, A =0 

(sin B-sin A) (sin C - sin A) (sin C - sin B) = 0 
either sin B-sin A =0 or, sin C sin A = 0 or, sin C - sin B = 0 
either sin A - sin B = 0 or, sin C = sin A = 0 or, sin C - sin B = 0 
A = B or C = A or B =C 
BC =CA or, AB = BC or CA = AB 
AABC is isosceles 

1 1 1 
EXAMPLE 27 In a AABC, if 1+ cos A 1+ cos B 1+ cosC = 0, show that AABCis 

cos A+ cosA cosB+ cosB cos C+ cosC 
an isosceles. INCERT EXEMPLAR, CBSE 2016] 
SOLUTION Proceed as in Example 26. 

1a as 
EXAMPLE28 Prove that: 1 b b°=(a-b) (b -c) (c -a) (a +b + c) 

cc 1 

[NCERT, CBSE 2011, 2012, 2013 
a3 1 

sOLUTION Let A =|1 
a 

b b3 Applying R2 > R2 - Ri and R3 >R3 - R, we obtain 
c 

1 
A =0 b-a b3-a3 

0 C-a c-a3 

a a3 

1a a 

A = (b-) (c -o 1 b++abTaking out (b-) from R2 and (c -) from Rgl 0 1 c2+ a2 +ac 
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a 
A = (b -a) (c -a)0 0 (b-c)+ (ab -ac) 

Applying R2 R2 - R3l 

0 1 c2 +a+ac 

1a 
A =(b-a) (c -a)0 0 (b-c) (b +c+a) 

a3 

0 1 c2 +a +ac 

1a 
A = (b-a) (¢ -a) (b - c)|0 0 

as 

a+b +c 
0 1 c +a + ac| 

ITaking out (b - c) common from R2 

A =(b -a) (c -a) (b -dx1 x0 a+b+c 

|1 c2+a + ac 
Expanding along Cl 

A = (b -a) (c -a) (b - c) {0 - (a +b+ c) = (a -b) (b - c) (c - a) (a +b + c). 

a bc|1 1 1 

EXAMPLE 29 Show that |a b c=|a2 b2 c= (a -b) (b -c) (c -a) (ab + bc + ca).

Ca aba3 b3 c |bc 
[NCERT, CBSE 2007, 2011, 2013, 2014] 

a b C 

sOLUTION Let A =|a b c*. Multiplying C1, C2 and C3 by a, b and c respectively, we get 

bc ca ab| 

a2b2 

A=a3 3 abc abc c 
abc abc 

a2 b2 c2 

abc3 3c3 
[Taking abc common from R3] 

A= 
abc 11 

A=- 1 1 1 
Applying R2 > R3l 

1 1 

A=4 2 2 c 
Applying Ri > Ral 

la3 
63 

1 0 

A=ab-a2 c2-a2 

a3b-3 -a3 
[Applying C2C2-C1 and C3C3-Cl 

1 
A =a 

0 0 

(b-a) (b + a) (c-a) (c +a) 

a(b-a) (b + ba + a*) (c-) (¢ + ca+a ) 
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Taking (b -a) and (C -a) common 

from C2 and C3 respectively 
|1 0 0 

b4 C+a 
A = (b -a) (¢ -a)|a 

a b+a + ab 
2 + ac + a<| 

Expanding along R,l b+a 
C+a

A = (b -a)(C-a) x 1 x22+ ab c2+a +ac 

C+a b-c ApplyingC1C1 -C�] 
A = (b -a) (c-22+ab - ac c + at + ac| 

b -c C+a 

A = (b -a)(c -a) (b -cz)+ a (b- c) c +a + ac| 
1 C+a 

A=(b a) (c -a) (0 =Cb +c+a c+at + ac|
[Taking (b -c) common from C] 

A =(b - a) (c - a) (b -c) (c + a + ac -bc -cá - ac - ab - ac - a4) 

A =(b -a) (c - a) (b - c) (-bc - ab - ac) = (a -b) (b -c) (c - a) (ab + bc + ca). 

x21+x°| 
FYAMPIE 30 Ifrt ut 7 and lu 1+ = 0, then prove that xyz =-1. 



x 2 1+px3 
EXAMPLE 31 For any scalar p prove that A = y y 1+py°= (1+ pxyz) (x -y) (y -z) (z- x). 

zz 1+ 3 

[NCERT, CBSE 2010 
SOLUTION We have, 

x 1+ px°| 

A = 2 1+py 
z 21+ pz° 

2 1 px3 P3 

y : Each element in III column is 1 
sum of two elements 

z zpz3 

1 
y y 

1 2 Interchanging C andC3 in first det. 
Taking x, y, z common from R1, R2, R3 

respectively and p from C3 in 2nd det. 
A =-1 +pxyz 1 

1 2 1 

1 
|1 y y [Interchanging C2 and C3 in first determinant] 

1 x 

A =1 y y |̂+ pxyz

1 1z 22 

1 
= = (1++pryz)| 1 y | 
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1 
Applying R2 > R2-R1 and Rz>R3 -R 

A (1+pxy2)|0 y-x y-x| 

-0 z-x z-x2 

1x 
A = (1 +pxyz) (y -x) (z -x)|0 1 y+x| 

0 1 z+ X 

Taking (y -x) and (z - x) common 

from R2 and R3 respectively 

A = (1 +pxyz) (y -x) (7-3)1z+x [Expanding along Cil 

A (1+pxyz) (y -«) (z-) (z +x -y-x) = (1 + pryz) (x -y) (y -z) (z - x) 
1 a a2-be 
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